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1 Introduction

Since Bernanke, Boivin, and Eliasz (2005), factor-augmented vector autoregressions (FAVARs)

have become a workhorse model in empirical macro-financial economics. A key assumption

made in these models is that some factors are perfectly measured by observable time series

while the other factors need to be extracted from a large panel of time series using princi-

pal components. However, the assumption of some factors being perfectly observed appears

unnecessarily strong. Many economic time series are subject to substantial data revisions.

Moreover, economic concepts such as inflation or economic activity are rarely proxied by only

one variable and are thus likely observed with measurement error.

In this paper we treat observable factor proxies as noisy measures of the true underlying

factors. We show that a FAVAR with more observable proxies than true underlying factors can

be written as a dynamic factor model (DFM) with a reduced-rank restriction. We propose to

estimate the model by an iterative procedure which alternates between principal components

estimation and solving a reduced-rank regression model (Anderson 1951). We further extend

the method by adding a group-lasso-type penalty (Yuan and Lin 2006; Chen and Huang 2012;

Qian, Tanigawa, Li, Tibshirani, Rivas, and Hastie 2022) to leverage a sparsity assumption when

a subset of factor proxies is believed to be particularly relevant to the prediction. Building

on Cheng, Liao, and Schorfheide (2016), we propose a cross-validation procedure to jointly

determine the number of common factors along with the rank and penalty parameters. We also

derive the regularity conditions required for consistent estimation of the factor space allowing

for weak factors under large N and T asymptotics.

We document the desirable finite-sample properties of the proposed method via two Monte

Carlo analyses. The first uses a DFM design with strong and weak factors. The weak-factor

cases we consider are motivated by previous Monte Carlo and empirical evidence suggesting

that the choice of data used in factor estimation strongly affects the estimated factor space

(see e.g., Boivin and Ng 2006; Bai and Ng 2008): if the factor is related to only a small share of

all observed series or explains only a small fraction of their overall variation, the factor is weak
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in the cross-section used for the analysis and the ability of standard principal components to

estimate the factor space can deteriorate substantially in practice. In principle, the standard

FAVAR framework is well-suited to tackle the empirical issues related to weak factors, as it

allows for inclusion of observable series as proxies for factors which are not well captured by

the cross-section. However, this advantage vanishes when the observable factors are measured

with error. We document that our approach, which combines principal components with

sparse reduced-rank regressions (RRR henceforth), considerably improves factor estimation

and produces superior forecasts.

As a second Monte Carlo analysis, we use a data-based simulation design inspired by Stock

and Watson (2016) to identify oil supply and demand shocks in the spirit of Kilian (2009). We

extend their analysis by including two alternative measures of global economic activity due

to Baumeister and Hamilton (2019) and Baumeister, Korobilis, and Lee (2022). We treat the

three global activity measures as noisy proxies for a single underlying factor and show that

our proposed estimator substantially reduces the bias induced by relying on noisy observable

series as factors in estimating structural impulse response functions (SIRFs) with a FAVAR.

Finally, we document the usefulness of our approach in a recursive pseudo-out-of-sample

forecast exercise for Treasury returns. This analysis is in the spirit of Ludvigson and Ng

(2009), which serves as a natural benchmark. We also compare our method to the SOFAR

approach by Uematsu and Yamagata (2023a), who also document strong predictive power for

bond returns.

Our estimation approach builds on several strands of the literature. The first is the large

body of work related to FAVAR estimation via iterative principal components. This method

was first developed by Stock and Watson (2005) and Boivin, Giannoni, and Mihov (2009).

We extend this estimator to include an additional reduced-rank regression step which closely

follows Izenman (1975) and Velu and Reinsel (1998). We further introduce a group-lasso

penalty for variable selection and regularization using the algorithm proposed by Chen and

Huang (2012) and further extended by Qian, Tanigawa, Li, Tibshirani, Rivas, and Hastie

(2022).
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A second related literature studies DFMs in the presence of weak factors. Bai and Ng

(2023) provide conditions on the sample size under which the principal components estimator

remains consistent when the loadings are weak. They show that weak factors can be recovered

by principal components, but at a slower rate. The standard principal components estimator

assumes that the series used in the analysis have been chosen so that they contain useful

information for factor estimation. However, this does not necessarily hold in large datasets.

One approach to handle this issue in practice is to model factors as being related to subsets of

the data in the context of hierarchical DFMs (see e.g., Moench, Ng, and Potter 2013). Another

approach is to use screening methods to prune the data as in Bai and Ng (2008), a method

developed further by Giglio, Xiu, and Zhang (2025) in an asset pricing context. Alternatively,

one can use sparsity-inducing methods to select a subset of variables, for example by adding a

lasso-type penalty (e.g., see Uematsu and Yamagata 2023a,b). All these methods use either a

priori knowledge or data-driven approaches to screen out useless variables. In this paper, we

instead use FAVARs to incorporate information from observable noisy proxies into the space of

factors, and evaluate the properties of our estimator when some factors are weak. Using Monte

Carlo simulations, we show that our reduced-rank principal components approach outperforms

other methods including the one by Uematsu and Yamagata (2023a) in factor estimation and

forecasting in the presence of weak factors.1

Another related recent paper is Li, Plagborg-Møller, and Wolf (2024) who explore the

properties of various estimators for SIRFs, including local projections and structural VARs.

The authors use the DFM from Stock and Watson (2016) and Lazarus, Lewis, Stock, and

Watson (2018) as their encompassing model, from which they form many lower dimensional

DGPs. As in Li et al. (2024), we parameterize our second Monte Carlo design following Stock

and Watson (2016), with the main difference being that we focus on FAVAR estimators of

SIRFs in the presence of noisy observable factor proxies.
1For other important work studying strong and weak factors and statistical methods for measuring factor

strength, see e.g., Chudik, Pesaran, and Tosetti (2011), Onatski (2010, 2012), Kapetanios and Marcellino
(2010) and Bailey, Kapetanios, and Pesaran (2021).
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2 Methodology

In this section we begin with a discussion of the standard FAVAR framework. We then intro-

duce several modifications to this framework and discuss our proposed estimation procedure.

2.1 Framework

To fix ideas, consider a FAVAR with q observed factors F̃t measured without error by the

variables Yt, and r unobserved factors stacked in the vector Ft. These factors drive the

common variation in a set of observed time series variables stacked in a N × 1 vector Xt.

Both the observable variables Xt and the factor proxies Yt are assumed to be second-order

stationary and integrated of order zero. N is commonly assumed to be large. In particular, it

may be greater than T , the number of time periods. It is also commonly assumed to be much

greater than the total number of factors in the FAVAR model, i.e. N ≫ r + q.

In typical applications, Yt would, for example, include a policy rate, a measure of real

economic activity, and a measure of inflation (e.g. Bernanke et al. 2005). Hence, the FAVAR

model can be used to trace impulse responses to the observed variables Y in a data-rich

environment, taking into account the joint dynamics of Yt with a small number of factors Ft

which span the information in a large number of additional variables Xt.

The FAVAR then takes the following form:⎡⎢⎣ Yt

Xt

⎤⎥⎦ =

⎡⎢⎣ Iq 0q×r

ΛXF̃ ΛXF

⎤⎥⎦
⎡⎢⎣ F̃t

Ft

⎤⎥⎦+

⎡⎢⎣ 0

eXt

⎤⎥⎦ (1)

F+
t = Φ(L)F+

t + ηt, whereF+
t =

⎡⎢⎣ F̃t

Ft

⎤⎥⎦ (2)

where ΛXF̃ and ΛXF are the N × q and N × r loading matrices, Φ (L) is a lag polynomial

of dimension (r + q) × (r + q), eXt is the N × 1 vector of idiosyncratic errors and ηt is the

(r + q) × 1 vector of factor innovations. Equations (1) and (2) capture the main feature of

FAVARs: Yt and Xt are jointly driven by F̃t and Ft, and F̃t is perfectly observed by Yt.
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In many applications, the assumption of observed factors which are measured without

error appears unduly strong. For example, there are different variables which are proxies for

economic concepts such as economic activity and inflation. Moreover, macroeconomic variables

are often observed with a lag and feature substantial data revisions. As a consequence, in

relevant applications it seems more appealing to assume that observable variables are proxies

for the true underlying factors and are measured with error.

In what follows, we will therefore interpret Yt as observed proxies which may be noisy

measures of the true underlying factors. To be concrete, suppose we observe m proxy variables

Yt. In principle, m could be greater than the number of underlying factors F̃t (m ≥ q). We

thus assume that (Xt, Yt) admit the following factor model representation:⎡⎢⎣ Yt

Xt

⎤⎥⎦ =

⎡⎢⎣ ΛY F̃ 0m×r

ΛXF̃ ΛXF

⎤⎥⎦
⎡⎢⎣ F̃t

Ft

⎤⎥⎦+

⎡⎢⎣ T−δeY t

eXt

⎤⎥⎦ , (3)

F+
t = Φ(L)F+

t + ηt, with F+
t =

⎡⎢⎣ F̃t

Ft

⎤⎥⎦ , (4)

where ΛY F̃ is m × q with full-column rank, and T−δeY t, with δ > 0, is an m × 1 vector of

measurement errors with mean zero that is assumed to be uncorrelated with eXt.

Equations (3) and (4) make one important modification to (1) and (2): the variables Yt

measure the true factors with observation errors that diminish at rate T−δ, for some δ > 0. In

other words, the factors F̃t can be well-approximated by linear combinations of Yt when T is

large.2 This permits rewriting Equation (3) as

Xt = ΛXF̃B
′ (︁Yt − T−δeY t

)︁
+ ΛXFFt + eXt = ΛXF̃B

′Yt + ΛXFFt + uXt, (5)

where B = ΛY F̃

(︁
Λ′

Y F̃
ΛY F̃

)︁−1 is of dimension m × q, and the error term vector is uXt =

eXt − T−δΛXF̃B
′eY t. Thus, Equation (5) obtains with one restriction: the N ×m coefficient

2The special case δ = 1/2 corresponds to the assumption in Parker and Sul (2016) for approximate factor
proxies. Moreover, Schorfheide (2005) and Li et al. (2024) assume drifting DGPs in the context of forecast-
ing and analyzing impulse responses where the sample is not generated from a VAR(p), but the degree of
misspecification vanishes at rate T−1/2.
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matrix ΛXF̃B
′ has rank q, and its N ·m elements are expressed in terms of the N · q +m · q

elements of ΛXF̃ and B′. The main advantage of this representation is that the factors can be

estimated using an iterative method that alternates between estimating B via reduced-rank

regression for a given Ft and estimating Ft for a given estimate of B, see Section 2.2 below.

Note that our assumption that measurement errors diminish as T → ∞ ensures that

the part of uXt arising from proxy noise becomes negligible in large samples. As a result,

Equation (5) asymptotically behaves as if the proxies Y recovered the factor space spanned

by F̃ without error. The proxies may therefore be imperfect in finite samples, but their

measurement errors are not large enough to change the large-sample representation of the

model. In applied work, whether good proxies are available is ultimately an empirical question.

We address this question in two ways. First, in Section 2.4, we discuss an extension of the

estimation method by adopting a group lasso penalty on the rows of B to impose a sparsity

assumption when a subset of factor proxies is believed to be relevant for the FAVAR estimation.

Second, in Section 3.1 we introduce a model selection procedure via cross-validation that jointly

determines the number of the unobserved factors r, the number of factor proxy combinations q,

as well as the penalty parameter in the case with additional sparsity constraints. In Section 4,

we show in a Monte Carlo analysis that both approaches perform very well specifically in the

presence of weak noisy factors.

2.2 Estimation

If the factors F̃t are measured without error as in the standard FAVAR framework, the model

can be estimated via the iterative principal components estimator proposed by Stock and

Watson (2005) and Boivin, Giannoni, and Mihov (2009). However, under the rank constraint,

Equation (5) cannot be estimated this way. Instead, we propose a method that combines itera-

tive principal component estimation with an additional reduced-rank regression step (Izenman

1975; Velu and Reinsel 1998).

Specifically, denoting the matrix [A1, ..., AT ]
′ by A for any time series of vectors {At}Tt=1, the
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factors can be estimated as the principal components of the filtered observations
(︂
X − Y B̂Λ̂′

XF̃

)︂
given the parameter estimates B̂ and Λ̂. In turn, given the factor estimates F̂ , the coefficient

matrices B̂ and Λ̂ can be estimated via a reduced-rank regression of MF̂X on MF̂Y where

MF̂ = IT − F̂
(︂
F̂ ′F̂

)︂−1

F̂ ′. Specifically, the estimators of F , B, ΛXF̃ and ΛXF jointly solve

the minimization problem

minimize
F,B,ΛXF̃ ,ΛXF

||X − Y BΛ′
XF̃

− FΛ′
XF ||2, (6)

subject to the normalization constraints

Λ′
XF̃

ΛXF̃ = Iq, F ′F/T = Ir, Λ′
XFΛXF diagonal, B′Y ′MFY B diagonal (7)

where MF = IT − F (F ′F )−1F ′ = IT − T−1FF ′, and ∥ · ∥ denotes the Frobenius norm. This

minimization can be done iteratively. Given a preliminary estimator of F , which is computed

as the first r principal components of X, the estimators for ΛXF̃ , B and ΛXF are given by:

Λ̂XF̃ = V, B̂ = (Y ′MF̂Y )−1 Y ′MF̂XV,

and Λ̂XF =
(︂
X − Y B̂Λ̂′

XF̃

)︂′
F̂
(︂
F̂ ′F̂

)︂−1

= 1
T

(︂
X − Y ˆ︁Bˆ︁Λ′

XF̃

)︂′ ˆ︁F , (8)

where V = [V1, ..., Vq] and Vj is the j th eigenvector of X ′MF̂Y (Y ′MF̂Y )−1 Y ′MF̂X.3 Given

estimates of B and ΛXF̃ , we estimate F as the first r principal components of
(︂
X − Y B̂Λ̂′

XF̃

)︂
.

Each step of this procedure reduces the sum of squares in Equation (6), and in practice we

iterate until convergence.

2.3 Consistent Estimation of the Factor Space

The large-sample analysis of the estimation procedure builds on the principal-components

results of Stock and Watson (2002) and Bai (2003), as well as the extension to weak factor

loadings by Bai and Ng (2023). The additional complication is that part of the factor space

is recovered through the reduced-rank regression step and may be weaker in the cross section

than the component associated with Ft. We assume that the component associated with Ft

3See Velu and Reinsel (1998) for an extensive discussion on RRR models and their estimation.
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is strong, with cross-sectional strength N , while the loadings on ˜︁Ft retain strength Nα, with

0 < α < 1, after partialling out the space spanned by the loadings of Ft. The formal regularity

conditions on the factors, loadings, proxies, and errors are given in Online Appendix A.

For two matrices A1 and A2, let

D(A1, A2) = ∥PA1 − PA2∥2

denote the spectral norm distance between their column spaces. The following proposition

summarizes the result for the factor estimates used in the FAVAR.

Proposition 1. Let N, T → ∞ with T/N1−α → ∞, cNT = min{
√
N,

√
T}, and suppose

Assumptions A.1–A.4 in Online Appendix A hold. Initialize the procedure with the first r

principal components of X, denoted by ˆ︁F (0), and let ˆ︁B(k+1) denote the coefficient matrix ob-

tained from the reduced-rank regression (8) after partialling out ˆ︁F (k). Then, for every fixed

integer K ≥ 0,

max
0≤k≤K

D
(︂
[Y ˆ︁B(k+1), ˆ︁F (k)], [ ˜︁F , F ])︂ = Op

(︄√︃
N1−α

T
+ c−1

NT + T−δ

)︄
= op(1). (9)

The details of the proof are provided in Online Appendix A. Here, we offer a few remarks

to provide intuition for the result. The terms N (1−α)/2/
√
T + T−δ in the convergence rate

reflect recovery of the less pervasive component using noisy proxies, while c−1
NT is the standard

principal-components rate. The proof first considers the space spanned by the leading r

principal components of the factor component of X. The initial principal-components estimate

consistently recovers this space. Given an estimate ˆ︁F of this principal-components space with

a sufficiently small estimation error, the joint space spanned by [Y ˆ︁B, ˆ︁F ] consistently estimates

the factor space. The estimation error of the principal-components estimate in the next step

remains sufficiently small, allowing the argument to be repeated for any fixed number of

iterations. Moreover, each reduced-rank regression and principal-components update weakly

decreases the value of the objective function. In practice, we repeat the procedure until

convergence.

The Monte Carlo evidence in Section 4 shows that the estimator also performs well in finite
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samples. Specifically, we assess its usefulness for factor estimation and forecasting relative to

the standard principal components estimator but also to the method proposed by Uematsu

and Yamagata (2023a), who target weak factors by imposing sparsity on the factor loadings.

2.4 Modification with Sparsity Constraints

We now introduce an extension of our approach where a subset of factor proxies is believed

to be particularly relevant for the estimation of the factors and FAVAR parameters. This can

be achieved by assuming sparsity in the coefficient matrix B. To find a sparse estimate of the

coefficients, we propose to add a group lasso penalty to the objective function (6) and solve

the following penalized rank-constrained optimization problem

minimize
F,B,ΛXF̃ ,ΛXF

1

2
||X − Y BΛ′

XF̃
− FΛ′

XF ||2 + λ
m∑︂
j=1

||Bj•|| (10)

subject to the same normalization (7) as above, where Bj• is the j th row of B, and λ ≥ 0

is a penalty parameter. The penalty encourages row sparsity in B: if ||Bj•|| = 0, proxy j

is excluded from all proxy-factor combinations. Retained rows are shrunk jointly, but the

penalty does not impose element-wise sparsity within a retained row.

This optimization problem can be solved using a similar iterative procedure as described

in Section 2.2, except for one difference: we replace the RRR step with the alternating min-

imization method proposed by Chen and Huang (2012) and further extended by Qian et al.

(2022). For a given estimate of factors F̂ and value of λ, the estimate of the parameters B,

ΛXF̃ and ΛXF are obtained by iterating two steps. Specifically, for the kth iteration:

1. Given an estimate B̂(k) and Λ̂
(k)
XF , we solve the orthogonal Procrustes problem

minimize
ΛXF̃

||X − Y B̂(k)Λ′
XF̃

− F̂ Λ̂
(k)′
XF ||

2

subject to Λ′
XF̃

ΛXF̃ = Iq. Let
(︂
X − F̂ Λ̂

(k)′
XF

)︂′
Y B(k) = UDV ′ be the singular value

decomposition with U , D and V having dimensions N × q, q× q and q× q, respectively.

The solution is given as Λ̂
(k+1)

XF̃
= UV ′.
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2. Given Λ̂
(k+1)

XF̃
, we solve the group lasso problem

B(k+1) = argmin
B

1

2
||MF̂XΛ̂

(k+1)

XF̃
−MF̂Y B||2 + λ

m∑︂
j=1

||Bj•||,

whereMF̂ = IT−T−1 ˆ︁F ˆ︁F ′ as per Equation (7) and Λ̂
(k+1)
XF = T−1

(︂
X − Y B(k+1)ˆ︁Λ(k+1)′

XF̃

)︂′ ˆ︁F .4

Starting values are obtained from the standard RRR estimation we have described in the

previous section, and the procedure is iterated until convergence.

For a given estimate ˆ︁F , each iteration alternates between an exact minimization of ΛXF̃

through an orthogonal Procrustes step and an exact minimization of B through a group-lasso

step, so that the value of the penalized objective function is monotonically non-increasing

across iterations. Since the penalized problem is non-convex, however, there is no general

guarantee of convergence to a local or global minimum. Rather, following Qian et al. (2022),

the resulting solution should be interpreted as a limiting point of the alternating minimization

scheme. Nevertheless, the procedure is appealing in practice because it is stable and yields a

monotone decrease in the objective function across iterations.

3 Practical Guidance for Implementation

We now discuss our approach to model selection and normalization of the factors in structural

FAVARs for impulse response analysis.

3.1 Model Selection

In Sections 2.2-2.4, we laid out the estimation procedure for a given number of latent factors

r, the rank q associated with the set of noisy factor proxies, and the regularization parameter

λ in the group lasso approach. We now discuss how to determine these parameters in practice.

Our approach builds on the cross-validation procedure proposed by Cheng, Liao, and

Schorfheide (2016). Using Monte Carlo analysis, these authors show that the procedure works
4We solve the group-lasso problem using glmnet (Friedman, Hastie, and Tibshirani 2010) with the

mgaussian family.
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well compared to the methods proposed by Bai and Ng (2002), Onatski (2010) and Ahn

and Horenstein (2013) in standard factor models with common factors estimated via principal

components. What distinguishes our setup is the existence of additional observable noisy factor

proxies. We therefore adapt the cross-validation procedure of Cheng, Liao, and Schorfheide

(2016) to jointly determine r and q. Moreover, in the case of sparsity constraints on B, we

also let the procedure determine λ jointly with r and q.

Let 0 ≤ r ≤ rmax and 0 ≤ q ≤ qmax. Hence, the smallest model that can be chosen does not

include any common factors or noisy factor proxies Y . For a given r, let there be a decreasing

sequence of values λmax = λ1 > λ2 > · · · > λL ≥ 0, where λmax is defined such that it gives

rise to the trivial solution of B where all the elements in B are zero and the remaining λi are

selected from a grid that is equally spaced on the log scale. Following Qian et al. (2022), we

set λmax = max
1≤j≤m

||Y ′
j

(︂
X − F̂ Λ̂ ∗XF ′

)︂
||, where Y ∗ j is the T × 1 vector of observations for

the j th factor proxy, F̂ is
√
T times the matrix of eigenvectors corresponding to the r largest

eigenvalues of XX ′, and Λ̂ ∗ XF is the corresponding estimate of the factor loading matrix.

In other words, the value λ ∗max corresponds to the case where the noisy factor proxies Y

carry no additional information about X over and above the factors F̂ .

A graphical illustration of the cross-validation procedure is given in Figure 1. We parti-

tion X and Y along the cross-sectional dimension into K disjoint folds, XI1 , XI2 , . . . , XIK and

YJ1 , YJ2 , . . . , YJK , where
⋃︁K

k=1 Ik = {1, 2, . . . , N} and
⋃︁K

k=1 Jk = {1, 2, . . . ,m}. The kth valida-

tion fold therefore consists of the paired hold-out sets (XIk , YJk). Let I−k = {1, . . . , N} \ Ik

and J−k = {1, . . . ,m} \ Jk denote the corresponding estimation sets. For each combination

(r, q, λ), we estimate ˆ︁F+(−k) =
[︂
YJ−k

ˆ︁B(−k), ˆ︁F (−k)
]︂

using only the retained variables XI−k
and

retained proxies YJ−k
. We then divide the time periods used for validation into rolling pre-

diction blocks. For each block, the loadings of the held-out variables i ∈ Ik and held-out

proxies j ∈ Jk are estimated by OLS over the preceding regression window. These loadings

and the factor estimates ˆ︁F+(−k)
t are subsequently used to predict both Xit and Yjt over the

corresponding prediction block. The overall cross-validation criterion averages these block-

specific MSFEs over the rolling prediction blocks and cross-sectional folds. We select (r, q, λ)
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by minimizing this criterion.

Figure 1: Graphical representation of the cross-validation procedure.

Note that paired partitioning of X and Y is feasible only if each estimation fold retains at

least qmax proxies, that is, qmax ≤ m− |Jk| for k = 1, . . . , K. Otherwise, only X is partitioned

into K folds, whereas all proxies in Y are retained when estimating the factors, and the

cross-validation loss is computed only from the held-out variables in X.

The proposed cross-validation adapts the procedure in Cheng et al. (2016) to our FAVAR

setting with noisy factor proxies. As in their approach, we partition the sample along the

cross-sectional and time-series dimensions and select the tuning parameters by minimizing

pseudo-out-of-sample mean squared forecast errors. The main difference relative to Cheng

et al. (2016) is that, in our setting, cross-validation must additionally select the number of

factor proxy combinations q and, in the sparse case, the penalty parameter λ associated with

the reduced-rank coefficient matrix. In Section 4, we document the strong performance of the

method in conjunction with the cross-validation approach in a Monte Carlo analysis.
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3.2 Impulse Responses and Named Factor Normalization

From the model described above, it is clear that only the space spanned by Ft and B′Yt is

identified, whereas Ft and B′Yt themselves are not uniquely pinned down. Since the factors

are unobserved, one commonly imposes normalization (7) which represents a mathematically

convenient set of restrictions that solves the identification issue for typical applications such as

forecasting. However, when a FAVAR model is used to identify structural shocks, the factors

need to be assigned an economic interpretation. This requires a different set of identification

restrictions. In what follows, we achieve this by adopting the “named-factor” normalization

of Stock and Watson (2016). In this approach, each factor is aligned with a specific naming

variable.5 Let

X+
t =

⎡⎢⎣ Yt

Xt

⎤⎥⎦ , F̂+
t =

⎡⎢⎣ B̂′Yt

F̂t

⎤⎥⎦ , and Λ̂ be the estimate of the loadings of X+
t on F̂+

t ,

where F̂t and B̂ are the estimators produced via the procedure previously described. Moreover,

order X+
t so that the first (r + q) variables are the naming variables (including some of the

elements of Yt), and let Λ̂1:q+r denote the (r + q)× (r + q) matrix of the loadings on the first

(r + q) variables. The named-factor normalization is

Λ̃ =

⎡⎢⎣ Iq+r

Λ̃•

⎤⎥⎦ =

⎡⎢⎣ Iq+r

Λ̂•Λ̂
−1
1:q+r

⎤⎥⎦ , and F̃+
t = Λ̂1:q+rF̂

+
t .

The above named-factor normalization aligns factors with naming variables and sets the mag-

nitude of the loadings so that a one-unit innovation in factor i raises the ith naming variable

by one unit on impact. As an example, suppose one of the naming variables is Kilian (2009)’s

global activity measure. Then, the named-factor normalization associates the corresponding

factor with the common component of Kilian (2009)’s measure.
5Bai and Ng (2013) label this the PC3 normalization.
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4 Monte Carlo I: Factor Estimation and Forecasting

In this section, we discuss the finite-sample properties of the proposed estimator via simu-

lations. The data are generated using a range of DFM specifications that feature serially

correlated factors, and error terms that are serially and cross-sectionally correlated. More-

over, we study how the presence of weak factors affects the performance of the estimator for

estimating the factor space and for forecasting. We refer to weak factors as factors for which

only a small proportion of the variables feature nonzero loadings.

4.1 Experimental Design

Our experimental design is based on the following model

Xit = λi1F1t + λi2F2t + uit, (11)⎡⎢⎣ F1t

F2t

⎤⎥⎦ =

⎡⎢⎣ ϕ11 0

0 ϕ22

⎤⎥⎦
⎡⎢⎣ F1t−1

F2t−1

⎤⎥⎦+

⎡⎢⎣ √
θ 0

0
√︁

(1− ϕ2
22)

⎤⎥⎦
⎡⎢⎣ η1t

η2t

⎤⎥⎦ , (12)

(1− aL)uit =
√
νeit, and (13)

eit =
(︁
1 + b2

)︁
ϵit + bϵi−1t + bϵi+1t, (14)

where all factor loadings λik and disturbances ηkt and ϵit are iid N(0, 1). This model is a

static form of a DFM with two factors following a VAR(1). We set ϕ11 = ϕ22 = 0.5. The first

factor is assumed to be a common factor, i.e. there are no restrictions on the loadings. For

the second factor, we consider a case with unrestricted loadings and two cases in which 50%

or 90% of the loadings are set to zero. The parameter θ is chosen so that var(F2t) = var(F1t).

We also consider a case where we do not impose any restrictions on factor loadings but set

the parameter θ such that var(F2t) = 0.1 × var(F1t). The parameters a and b govern serial

and cross-sectional correlation in the errors and are assumed to take values equal to 0.5 and

1, respectively. The parameter ν is chosen to ensure that the variables Xit have an average

R2 = 30% on the factors. This specification for the error terms builds on Stock and Watson
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(2002). Furthermore, the choice of average R2 is consistent with common factor analyses of

macroeconomic data (Stock and Watson 2016; McCracken and Ng 2016).

We use noisy proxies for the second factor. Specifically, we set Yjt = F2t + T−δσjψjt where

ψjt is iid N(0, 1). For each value of δ, we choose σj so that proxy j has the R2 specified below

when T = 100. We use the same value of σj when T = 200. We consider five cases. In the

first, we assume one proxy with an R2 of 80% in the regression of Yjt on F2t. In the second,

we add four additional proxies with an R2 of 70%, 60%, 50% and 40%, respectively. The third

and fourth cases, respectively, add five and ten additional proxies each having an R2 of 30%.

Modeling the proxies in this way allows us to consider cases where we start with the strongest

proxy, but then add more and more proxies which are increasingly noisier measures of the

true underlying factor. Finally, we also consider a case with 20 proxies where each proxy is

generated to have an R2 of 30%.

We experiment with N = 100, T = (100, 200) and δ = (0, 1/2). The case δ = 1/2 assumes

that proxy noise declines with T , consistent with Proposition 1, while δ = 0 checks robustness

when proxy noise remains fixed. Each set of parameters uses 1000 repetitions.

4.2 Estimation

We examine five estimation approaches.

1. PC : We estimate the factors via principal components and determine r by the edge

distribution (ED) method of Onatski (2010). Uematsu and Yamagata (2023a) stress the

importance of using this approach for determining r in weak factor models and provide

Monte Carlo evidence suggesting that the method works well relative to those proposed

by Bai and Ng (2002) and Ahn and Horenstein (2013) in weak factor models.

2. SOFAR: We estimate the factors via the adaptive sparse orthogonal factor regression

(SOFAR) estimator of Uematsu and Yamagata (2023a) and determine r by the ED

method of Onatski (2010). Following Uematsu and Yamagata (2023a), we also use BIC

to determine the regularization parameter for the adaptive SOFAR estimation.
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3. RPC(1,1): We solve the optimization problem (6), setting r = 1 and q = 1. This

is an infeasible benchmark that always combines one principal component with one

combination of factor proxies.

4. RPC : We solve the optimization problem (6), and determine r and q using the cross-

validation procedure detailed in Section 3.1.

5. SRPC : We solve the penalized optimization problem (10), and determine r, q and λ via

the cross-validation procedure detailed in Section 3.1. This is a modification of RPC

with sparsity constraints.

4.3 Summary Statistics

We use two summary statistics to assess the relative performance of the different estimation

procedures. The first is the average R2 of the regression of F on F̂+:

R2
F,F̂+ = ˆ︁E(︄1

2

2∑︂
i=1

||PF̂+Fi||2

||Fi||2

)︄
, (15)

where Fi is the T × 1 vector of observations on factor i, ˆ︁E denotes the average over all

the Monte Carlo repetitions, and PF̂+ = F̂+
(︂
F̂+′F̂+

)︂−1

F̂+′. The second statistic measures

the out-of-sample forecast performance for the cross-section of variables, following Stock and

Watson (2002). The out-of-sample forecast is X̂iT+1|T = β̂i
′
F̂+
T where the OLS estimate β̂i

is obtained by regressing Xit+1 on F̂+
t for t = 1, ..., T − 1. The measure of relative forecast

performance is
S2
(S)RPC

S2
PC

=

∑︁N
i=1
ˆ︁E (︂X̂(S)RPC

iT+1|T −XiT+1|T

)︂2
∑︁N

i=1
ˆ︁E (︂X̂PC

iT+1|T −XiT+1|T

)︂2 . (16)

Hence, we use the standard PC estimator as the benchmark, with r determined as in Onatski

(2010). Thus, the statistic is less than one when the out-of-sample forecasting performance

of a model combining principal components with combinations of factor proxies outperforms

those using only principal components.
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4.4 Results

Table 1 reports the results of the Monte Carlo simulations with N = T = 100. Panel A

presents the results for the case in which there are two common factors. Panel B shows the

corresponding results for the case where F1t is a common factor, and 50% of the loadings are

set to zero for F2t, with var(F2t) = var(F1t). Panel C.1 shows the corresponding results for

the case where F1t is a common factor, F2t is a weak factor with 90% of its loadings set to

zero and var(F2t) = var(F1t). Panel C.2 presents the corresponding results for the case where

F1t is a common factor, F2t is a weak factor without any restriction imposed on its loadings,

but now var(F2t) = 0.1× var(F1t). We also report the average number of factors r determined

via the ED method of Onatski (2010) as well as the average r and the rank q of factor proxies

determined via the cross-validation procedure described in Section 3.1 under both the classical

reduced-rank regression setting and its modification with sparsity constraints.

Consider first the results for the case of two common factors (panel A). Almost all proce-

dures perform well in estimating the factor space with values of R2
F,F̂+ around 0.93 for most

specifications. The exception is RPC(1,1). The R2
F,F̂+ value for RPC(1,1) is 0.86 when using one

proxy. However, its performance quickly improves when adding more, albeit noisier proxies of

the second factor. When using 20 proxies, the value of R2
F,F̂+ for RPC(1,1) equals 0.94.

Combining principal components with only one noisy factor proxy deteriorates the out-

of-sample performance of the method. The average cross-validation estimate of q, q̂CV , is

close to zero, suggesting the model does not include observed proxies in factor estimation in

this case. However, this finding reverses when more noisy factor proxies are included in the

estimation. The relative forecast performance quickly improves and the estimated values of

q̂CV approaching one indicate that in most simulations the procedure includes one common

noisy factor.

Consider now the case in which 50% of the loadings are zero for the second factor. The

results are summarized in Panel B. The values of R2
F,F̂+ for PC around 0.87 show that the

standard PC approach performs slightly worse at estimating the factor space in the presence of
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a mildly weak factor. The SOFAR method of Uematsu and Yamagata (2023a) implies slightly

higher values of explained factor variation, which illustrates the usefulness of their approach

in the presence of weak factors. That said, the R2
F,F̂+ values further increase for our RPC

and SRPC methods when the number of noisy factor proxies is greater than one. Even more

strikingly, the forecasting power, summarized by the values of
S2
(S)RPC

S2
PC

, improves dramatically

for both methods in this case. When 20 proxies are used, both approaches essentially halve

the forecast error relative to the standard PC method.

Finally, we consider the cases where the second factor is very weak, summarized in Pan-

els C.1 and C.2. Panel C.1 shows that the performance of the standard PC method deteriorates

substantially in the case where weakness of the second factor is introduced by sparse load-

ings. While the SOFAR method only leads to a slight improvement in factor space estimation,

the RPC and SRPC methods substantially outperform in this dimension. Moreover, they

considerably strengthen the forecast performance.

The last panel of Table 1 introduces weakness in the second factor not via sparse loadings

but through a substantially smaller factor variance. As before, standard PC performs poorly,

while SOFAR provides similar factor-space estimates and only modest forecasting gains. Turn-

ing to the RPC and SRPC methods, we see that both substantially improve the estimation of

the factor space even for small numbers of noisy factor proxies. Moreover, they dramatically

improve the forecasting performance of the model.

Tables C.1 and C.2 in the Online Appendix report the results for T = 200, with proxy

noise held fixed (δ = 0) and declining with the sample size (δ = 1/2). The results reinforce

the previous findings. In the weak-factor designs in Panels C.1 and C.2 in the respective

tables, RPC and SRPC continue to yield substantial improvements over PC in both factor

estimation and forecasting even when proxy noise remains fixed. The gains are generally

larger when proxy noise declines with T . In Panel A of Table C.1, PC also benefits from the

longer sample, reducing the relative gains of RPC and SRPC under fixed proxy noise. Finally,

regardless of the choice of δ, the longer sample confirms the benefit of imposing sparsity in

Panel C.1 when many noisy proxies are included and improves model selection in Panel C.2,
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where the average selected total number of factors, r̂CV + q̂CV , is close to its true value of two.

In summary, these experiments show that the use of RPC and SRPC substantially improves

factor estimation and forecast performance in the presence of weak factors. When there is no

weak factor, the methods do not come at a cost relative to the standard PC approach.

5 Monte Carlo II: Structural IRFs

In this section, we use data-based simulations to illustrate the desirable properties of our

proposed estimator for the identification of structural economic shocks using a FAVAR model

in the presence of noisy observable factors. Specifically, we identify structural shocks driving

factors when one factor is observed with measurement error. Since we know the true structural

impulse responses, we can assess the degree to which measurement error in the factors induces

a bias in FAVAR-based estimates of structural impulse responses.

For illustration, consider the following simple case with two proxies for a single unobserved

factor. Suppose that the researcher observes two proxies of which one is measured without

error while the other contains some measurement noise. The researcher does not know which

one is the proxy without noise. Now estimate three FAVARs: (1) with the perfectly observed

factor proxy; (2) with the noisy proxy; and (3) with a linear combination of the two proxies

estimated using our reduced-rank approach.

Our object of interest is the structural impulse response to a shock underlying the factor.

We assess the bias induced by the noise in the proxy, and show how the results differ across

the three FAVAR specifications.

5.1 Data

Our data are quarterly observations on 209 time series taken from Stock and Watson (2016).

This dataset covers the most important categories of U.S. economic activity, as well as variables

representing the oil market and global economic activity. Each series was transformed to be

approximately stationary by taking growth rates or first differences. A small number of outliers
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were replaced by the median of the preceding five periods, and the long-run mean of each series

was removed using a biweight low-pass filter with a bandwidth of 100 quarters. Note that the

original Stock and Watson (2016) dataset consists of 207 series. We make three small changes

to the data. First, we update Kilian (2009)’s global activity index to its more recent Kilian

(2019) version. Moreover, we include the growth rate of IP for the OECD countries and the

six largest emerging market economies from Baumeister and Hamilton (2019) and the global

economic conditions indicator developed by Baumeister et al. (2022) as two additional proxies

of global activity. The latter has been constructed as the leading principal component of 16

indicators covering real activity, commodity prices, financial variables, as well as variables

related to transportation, weather, energy and consumer expectations. We follow Stock and

Watson (2016) and use the sample from 1985Q1 to 2014Q4.

5.2 Experimental Design

Our Monte Carlo analysis is presented in the context of identifying oil and global demand

shocks. We consider the structural impulse responses obtained by using the recursive iden-

tification scheme of Kilian (2009) which distinguishes between three shocks: an oil supply

shock, a global demand shock, and an oil-specific demand shock. We use three FAVAR DGPs,

and empirically calibrate them following the implementation of Stock and Watson (2016) of

Kilian (2009). Each is a six-factor FAVAR containing global oil production, the real oil price,

one global activity factor, and three latent factors. The designs differ only in which activity

measure is treated as the true factor: the Kilian index, Baumeister and Hamilton (2019)’s

world industrial production growth, or Baumeister et al. (2022)’s global economic conditions

indicator. The factor loadings, factor VAR coefficients, and univariate idiosyncratic processes

are estimated over 1985Q1–2014Q4 and then used to generate the simulated samples. Further

details of the DGPs are provided in Online Appendix B.1.

Identification We use a recursive identification scheme to separately identify an oil supply,

a global demand, and an oil-specific demand shock. To achieve this, we order global oil
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production, a global demand measure and the real price of oil as the first three variables in the

FAVAR and adopt a Cholesky factorization of the shocks. Moreover, we adopt the “unit-effect”

normalization of Stock and Watson (2016), so that a unit increase in each shock increases the

associated factor innovation by one unit.

Structural Impulse Response Functions We now define the structural impulse responses

which are the main objective criterion in this Monte Carlo analysis. We formulate the responses

in terms of the level of each series. This is accomplished by using cumulative impulse responses

for those series that enter the model after first or second differencing. We assume that the

factor innovations ηt are linear combinations of structural shocks:

ηt = Hϵt. (17)

The recursive identification with the unit-effect normalization implies H = Chol(Ση)Σ
−1/2
ϵ ,

where Σϵ = diag
(︁{︁

Chol(Ση)
2
jj, j = 1, ..., 6

}︁)︁
with Chol denoting the Cholesky factorization.

Letting Φ(L) denote the lag polynomial matrix of the factor VAR, the structural impulse

responses are given by

SIRFij(h) =

⎧⎪⎪⎨⎪⎪⎩
Cij,h if Xit is in levels∑︁h

k=0Cij,k if Xit is in first or second differences
, and Ch = ΛBhH, (18)

where Bh is the hth lag matrix of the polynomial B(L) = (I − Φ(L)L)−1.

Given the simulation draws of the data and the true SIRFs for each DGP, we assess the

FAVAR estimator of the SIRFs using different measures of global activity. Specifically, we

estimate four FAVARs which all have a similar specification to the above model of Stock and

Watson (2016), but use different global activity measures as inputs:

1. FAVAR-K : the FAVAR in which the global activity measure is Kilian (2019)’s index,

2. FAVAR-BH : the FAVAR in which the global activity measure is Baumeister and Hamil-

ton (2019)’s world IP growth,
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3. FAVAR-BKL: the FAVAR in which the global activity measure is Baumeister et al.

(2022)’s global economic conditions indicator,

4. FAVAR-RPC : the FAVAR in which the global activity measure is an estimated linear

combination of the three measures obtained using RPC.

We then compare the SIRF estimates to the true SIRFs and assess the bias induced by

using noisy measures of global activity. Regarding the lag order, we consider both fixing p = 4

lags and selecting the FAVAR lag length by the Akaike Information Criterion (AIC) with

p ≤ 8. Both cases delivered similar results, and in what follows we report those based on the

lag order selected by AIC. For all the Monte Carlo results we conduct 1000 repetitions.

5.3 Results

This section presents the results of the Monte Carlo analysis. For each DGP and identification

approach, we focus on the corresponding average SIRFs across all Monte Carlo repetitions and

assess the bias with respect to their true counterparts. The average R2 from regressions of

selected variables on the estimated factors across all Monte Carlo repetitions, and the SIRFs

for selected variables are reported in Online Appendix B.2. Here, we focus on average absolute

bias across all variables.

Bias in SIRFs Columns A-C in Figure 2 assess the absolute bias in the FAVAR estimators

of the SIRFs for the three shocks. Using the simulation draws of the data from each DGP, the

figure shows the average (across all 209 series) of the absolute bias up to the three-year horizon.

Specifically, letting ˆ︁SIRFij(h) denote the estimated impulse response of variable i to shock j

for a given FAVAR estimator, the absolute bias is constructed as | ˆ︁E(ˆ︁SIRFij(h)− SIRFij(h))|

where ˆ︁E denotes the average over all the Monte Carlo repetitions. Each chart has three lines

corresponding to three FAVARs we considered. Before taking the average across different

variables, we scale the SIRFs following Li et al. (2024). This is achieved by dividing the

absolute bias by
√︂

1
hmax+1

∑︁hmax

k=0 SIRF2
ij(k), the average root mean squared value of the true
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A. Oil Supply Shock
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B. Global Demand Shock
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C. Oil-Specific Demand Shock
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Figure 2: Average bias across 209 series. This figure plots, at each horizon, the average across
209 variables of the absolute bias in the FAVAR estimates of structural impulse response
functions, normalized by

√︂
1
13

∑︁12
k=0 SIRF

2
ij(k). The black solid line corresponds to FAVAR-

RPC, the blue dotted line to FAVAR-K, the orange dash-dotted line to FAVAR-BH, and the
green dashed line to FAVAR-BKL. Lower values indicate smaller average bias.

SIRFs. The figure shows that the FAVAR-RPC estimator has a substantially smaller absolute

bias in all three designs we consider. For the design using the Kilian indicator as the true

measure (first row), the FAVAR-RPC and FAVAR-K estimators produce similar results. The

absolute biases increase with the horizon, and the bias of the FAVAR-BH and FAVAR-BKL

estimators substantially exceeds that of FAVAR-RPC and FAVAR-K.

In the second design using the Baumeister and Hamilton (2019) world IP growth as the

true global activity measure (second row), the average absolute biases of the FAVAR-RPC and
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FAVAR-BH estimators are nearly indistinguishable: the reduced-rank PC estimator applied

to a model with the three global activity measures as factor proxies gives rise to the same

absolute bias as the FAVAR-BH, which is considerably smaller than that of the FAVAR-K and

FAVAR-BKL estimators. Finally, for the design using the Baumeister et al. (2022) indicator

as the global activity measure (third row), the FAVAR-RPC and FAVAR-BKL estimators

produce identical results while the FAVAR-K and FAVAR-BH estimators give rise to SIRFs

that show substantial bias.

In summary, the results in this section highlight that in the presence of noisy factor proxies,

our reduced-rank PC estimator can be used to estimate structural impulse response functions

which feature substantially less bias than approaches which assume the true factor proxies are

known and observed without error.

6 Empirical Analysis

In this section, we document the usefulness of our approach in a recursive pseudo-out-of-sample

forecast exercise for Treasury returns in the spirit of Ludvigson and Ng (2009), which serves

as a natural benchmark.

6.1 Forecasts

Following Ludvigson and Ng (2009), we consider forecasts of 12-month-ahead log excess re-

turns, rx(n)t+12, for maturities n = 2, 3, 4, 5, as well as their cross-sectional average, rxt+12. The

excess return on an n-year zero-coupon bond is defined as rx(n)t+12 ≡ r
(n)
t+12 − y

(1)
t , where r(n)t+12 is

the log holding-period return from buying an n-year bond at date t and selling it as an (n−1)-

year bond one year later, and y(1)t is the one-year log yield. The first forecast is produced using

data available through 1989M12, and the forecast evaluation period ends in 2024M12.

26



6.2 Forecasting models

We organize the forecasting models around the reduced-form factor representation in equa-

tion (5). Let Xt denote the N×1 vector of FRED-MD variables, Yt an m×1 vector of observed

factor proxies, and Ft an r × 1 vector of unobserved factors. As observed factor proxies, we

consider cross-sectionally differenced returns, following Crump and Gospodinov (2022), who

propose to model yield co-movement to isolate the true underlying factor space from statistical

artifacts. The factor model is Xt = ΛXF̃B
′Yt + ΛXFFt + uXt, where ΛXF̃ , ΛXF , and B have

dimensions N × q, N × r, and m × q, respectively. The observed proxies Yt and the number

of their combinations, q, vary across specifications.6 We consider the following forecasting

models:

1. RPC(q=1): This specification uses one return-based factor. The observed proxy vector is

Yt = (rx
(2)
t , dr

(3)
t , dr

(4)
t , dr

(5)
t )′, where dr(n)t = rx

(n)
t − rx

(n−1)
t is the difference return be-

tween adjacent maturities. The return-based factor is B̂′Yt, and the forecast is obtained

from rxt+12 = α+βB̂′Yt+ϵt+12. We drop the superscripts denoting maturity for brevity.

2. RPC(q̂): This specification is the same as RPC(q=1), except that it includes q̂ ∈ {1, 2}

combinations of Yt = (rx
(2)
t , dr

(3)
t , dr

(4)
t , dr

(5)
t )′. The number of combinations, q̂, is se-

lected by the cross-validation procedure described in Section 3.1.

3. LN : This is the Ludvigson–Ng benchmark. Following Ludvigson and Ng (2009), we

construct Ĝt = (F̂1t, F̂
3
1t, F̂3t, F̂4t, F̂8t)

′, where the F̂it are principal components extracted

from the FRED-MD dataset. To address the challenges that arise when estimating

factor models with data that include the COVID period, we hold the pre-COVID factor

loadings fixed when constructing factors during the COVID period. This adjustment

is motivated by Ng (2021), who argues that COVID-period observations create new

challenges for estimating economic factors, and is related to the treatment of COVID-

period factor estimation in Stock and Watson (2025).7

6Throughout the forecasting exercise, we set r = 8 to maintain comparability with the Ludvigson-Ng
benchmark. The cross-validation procedure is used only to select the number of return-proxy combinations.

7Specifically, we estimate the factors and loadings by principal components over the pre-COVID sample
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4. LN -SOFAR: This specification is the same as LN , except that the factors are estimated

using the SOFAR estimator of Uematsu and Yamagata (2023a). Since SOFAR estimates

depend on the scale of the variables, we scale each FRED-MD series by the standard

deviation of its idiosyncratic component, estimated from the residuals of the eight-factor

principal-component model. This avoids downweighting series with substantial variation

attributable to the common factors. We then align the resulting SOFAR factors with

the corresponding principal components using an orthogonal Procrustes alignment before

including them in the forecasting model.8 This implementation of the SOFAR estimator

delivers somewhat better forecast performance compared to a version where the FRED-

MD series are scaled by the total standard deviation as in Uematsu and Yamagata

(2023a).

5. LN + RPC(q=1) and LN + RPC(q̂): These specifications augment the LN factors with

the return-based factors used in RPC(q=1) and RPC(q̂), respectively.

6. LN + FR: This specification augments the LN factors with the forward-rate vector

FRt = (y
(1)
t , f

(2)
t , f

(3)
t , f

(4)
t , f

(5)
t )′, where f (n)

t is the log forward rate for the period from

t+ 12(n− 1) to t+ 12n.

7. LN + RX(n) and LN + RX: These specifications augment the LN factors with excess

returns. The model LN + RX(n) adds rx(n)t as an additional predictor. The model

LN +RX instead adds the average excess return, rxt = (rx
(2)
t + rx

(3)
t + rx

(4)
t + rx

(5)
t )/4.

8. EH: For comparison, we also report the expectations hypothesis benchmark, i.e., the

constant-only model rxt+12 = α+ ϵt+12 which assumes no time-varying predictability in

excess bond returns.

until February 2020, obtaining the loading matrix Λ̂XF . Given these loadings, factors are computed as F̂t =
(Λ̂′

XF Λ̂XF )
−1Λ̂′

XFXt. For COVID-period observations, we keep Λ̂XF fixed and apply the same projection to
Xt. The forecast is then obtained from rxt+12 = α+ β′Ĝt + ϵt+12.

8Letting ˆ︁FPC = (F̂1, F̂3, F̂4, F̂8) denote the four PC factor estimates used in LN and ˆ︁FSOFAR the eight
normalized SOFAR factor estimates, we obtain ˆ︁Q = argminQ′Q=I4 ∥ ˆ︁FPC − ˆ︁FSOFARQ∥2F using the pre-COVID
observations and use ˆ︁FSOFAR

ˆ︁Q as the aligned factor estimates.
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Table 2: Relative MSFEs of Excess Bond Returns, 1989M12–2024M12

A. Relative to EH benchmark B. Relative to LN

rx
(2)
t+12 rx

(3)
t+12 rx

(4)
t+12 rx

(5)
t+12 rxt+12 rx

(2)
t+12 rx

(3)
t+12 rx

(4)
t+12 rx

(5)
t+12 rxt+12

RPC(q=1) 0.815** 0.844** 0.855* 0.874* 0.852* 1.081 1.117 1.130 1.122 1.129

RPC(q̂) 0.810** 0.837** 0.855* 0.879 0.852* 1.075 1.108 1.129 1.128 1.128

EH 1.000 1.000 1.000 1.000 1.000 1.327 1.323 1.321 1.284 1.324

LN 0.754** 0.756*** 0.757*** 0.779*** 0.755*** 1.000 1.000 1.000 1.000 1.000

LN-SOFAR 0.759** 0.750*** 0.738*** 0.756*** 0.739*** 1.007 0.992 0.976 0.970 0.979

LN + RPC(q=1) 0.738** 0.719** 0.698*** 0.711*** 0.702*** 0.979 0.951 0.923 0.913 0.929

LN + RPC(q̂) 0.678** 0.678*** 0.676*** 0.702*** 0.675*** 0.899* 0.897* 0.893* 0.901 0.894*

LN + FR 0.886 0.895 0.894 0.901 0.897 1.175 1.185 1.181 1.157 1.187

LN + RX(2) 0.791* 0.771** 0.751** 0.765** 0.755** 1.050 1.020 0.992 0.982 1.000

LN + RX(3) 0.799* 0.784** 0.768** 0.784** 0.771** 1.060 1.037 1.015 1.007 1.021

LN + RX(4) 0.806* 0.793** 0.780** 0.798** 0.783** 1.069 1.049 1.031 1.024 1.037

LN + RX(5) 0.813* 0.801** 0.790** 0.808** 0.792** 1.078 1.060 1.043 1.038 1.048

LN + RX 0.808* 0.794** 0.779** 0.796** 0.782** 1.072 1.050 1.030 1.022 1.036

Note: This table reports mean squared forecast errors (MSFEs) for the forecasting models listed in the
rows. Panel A reports MSFEs relative to the expectations hypothesis (EH) benchmark. Panel B reports
MSFEs relative to a benchmark model including only the Ludvigson–Ng (LN) factors. The columns report
forecasts of 12-month-ahead excess bond returns, rx(n)t+12. The first out-of-sample forecast is produced using
data through 1989M12, and the final forecast is for 2024M12. Bold entries indicate improvements relative to
the LN benchmark. Gray-shaded entries indicate the best-performing specification among all alternative factor
models. Statistical significance is assessed using the Diebold–Mariano test: ∗∗∗, ∗∗, and ∗ denote significance
at the 1%, 5%, and 10% levels, respectively. The forecasting factors are described in the text.

6.3 Results

The results of the forecast exercise are summarized in Table 2. We report mean squared

forecast errors relative to two benchmarks: the constant return expectations hypothesis (EH)

model and the Ludvigson and Ng (2009) model, which only relies on macro factors. We assess

statistical significance of the forecast improvement via the Diebold and Mariano (1995) statistic

using HAC standard errors. The results show that the LN + RPC model outperforms both

benchmarks significantly, reducing MSFEs by about one third relative to the EH model when

the number of factor proxies is determined by cross-validation. Relative to the LN model, the

improvement is a sizable 10% MSFE reduction. Among the competitor models, the SOFAR

approach by Uematsu and Yamagata (2023a) performs the best. It achieves MSFE reductions

of about 25% relative to the EH benchmark and modestly outperforms the LN benchmark.
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Figure 3: Cumulative sum of squared forecast error differentials. This figure shows the re-
cursively calculated sum of squared forecast errors for the EH benchmark minus the sum of
squared forecast errors based on forecasting factors for the 12-month-ahead excess bond re-
turns, rx(n)t+12. The first out-of-sample forecast is produced using data through 1989M12, and
the final forecast is for 2024M12. The forecasting factors are described in the text.

Figure 3 shows the cumulative sum of squared forecast error differentials relative to the

EH benchmark. The charts underscore that the LN+RPC model with the number of factor

proxies determined by cross-validation consistently outperforms the benchmark as well as

all competitor models throughout the out-of-sample forecast period. In sum, this section

highlights that our proposed estimation approach can considerably improve the forecasting

ability in a pseudo-out-of-sample setting.
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7 Conclusion

In this paper, we have introduced a method for extending FAVARs to include multiple observ-

able time series as noisy proxies of some true underlying factors. Our approach builds on the

observation that a FAVAR model can be represented with a rank restriction when there are

more observable proxies than factors. We propose an estimator that alternates between princi-

pal components and solving a reduced-rank regression. We establish the regularity conditions

under which our proposed estimator consistently recovers the factor space.

We further discuss an extension adding sparsity constraints on the loading matrix for proxy

selection and regularization and propose a cross-validation procedure to jointly determine the

number of factors along with the rank and penalty parameters.

In a series of Monte Carlo simulations, we document that combining principal components

with (sparse) reduced-rank regressions improves factor estimation and forecasting, especially

when factors are weak. It also substantially reduces the bias which arises in the presence

of noisy factor proxies when estimating structural impulse response functions. Finally, we

demonstrate the usefulness of our approach in a pseudo out-of-sample forecasting exercise for

Treasury returns.

Our method allows researchers to include relevant information from observable proxies into

the factor space without relying on the standard assumption made in FAVARs that some of

the factors are perfectly observed.
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Online Appendix for

Factor-Augmented VARs with Noisy Factor Proxies

A Large-sample properties of the RPC estimator

This appendix establishes consistency of the factor space estimated by the iterative RPC

procedure. Consider the following representation in matrix form:

X = ˜︁FΛ′
X ˜︁F + FΛ′

XF + eX , (A.1)

Y = ˜︁FΛ′
Y ˜︁F + T−δeY , δ > 0. (A.2)

The matrices ˜︁F and F have dimensions T × q and T × r. The proxy dimension m and the

factor dimensions q and r are fixed.

Let

F+ = [ ˜︁F , F ], X0 = ˜︁FΛ′
X ˜︁F + FΛ′

XF , B = ΛY ˜︁F (Λ′
Y ˜︁FΛY ˜︁F )−1.

Thus X = X0 + eX , Λ′
Y ˜︁FB = Iq, and Y B = ˜︁F + T−δeYB. For a matrix A, let PA denote the

projection onto its column space and let MA = I − PA. In the proof, F denotes the matrix

containing the leading r left singular vectors of X0. For two matrices A1 and A2, define

D(A1, A2) = ∥PA1 − PA2∥2. (A.3)

Throughout, ∥ ·∥, ∥ ·∥2 and ∥ ·∥∗ denote the Frobenius norm, spectral norm and nuclear norm,

respectively. For a symmetric d× d matrix A, λj(A) denotes its jth largest eigenvalue. For a
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general d1×d2 matrix A, σj(A) denotes its jth largest singular value. Also, κ, κ and κ denote

generic positive constants which are independent of N and T .

A.1 Assumptions

Assumption A.1 (Factors). The factors satisfy

E∥F+
t ∥8 ≤ κ, T−1F+′F+ p−→ ΣF+ , ΣF+ ≻ 0. (A.4)

Assumption A.2 (Factor loadings). The loading matrix associated with F is pervasive, in

the sense that

κN ≤ λr(Λ
′
XFΛXF ) ≤ λ1(Λ

′
XFΛXF ) ≤ κN. (A.5)

For some fixed 0 < α < 1, the loadings on ˜︁F have strength Nα after removing the loading

space of F :

κNα ≤ λq
(︁
Λ′

X ˜︁FMΛXF
ΛX ˜︁F )︁ ≤ λ1(Λ

′
X ˜︁FΛX ˜︁F ) ≤ κNα. (A.6)

Assumption A.3 (Factor proxies). The matrix ΛY ˜︁F has full column rank and

κ ≤ λq(Λ
′
Y ˜︁FΛY ˜︁F ) ≤ λ1(Λ

′
Y ˜︁FΛY ˜︁F ) ≤ κ. (A.7)

Assumption A.4 (Idiosyncratic and measurement errors). The idiosyncratic component has

the linear-process representation

eX,t =
∞∑︂
ℓ=0

Aℓ,Nεt−ℓ,
∞∑︂
ℓ=0

∥Aℓ,N∥2 ≤ κ. (A.8)

The elements of εt are independent across i and t, have mean zero and variances bounded

above, and have uniformly bounded eighth moments.
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The measurement errors satisfy

eY,t =
∞∑︂
ℓ=0

Dℓνt−ℓ,
∞∑︂
ℓ=0

∥Dℓ∥2 ≤ κ, (A.9)

where νt is centered, independent across t, and has uniformly bounded eighth moments. The

covariance matrix E(eY,te
′
Y,t) is positive definite. The innovation sequences {εt} and {νt} are

mutually independent and are independent of {F+
t }.

A.2 Main result

Let ˆ︁F (0) be the first r principal components of X. Given ˆ︁F (k), define

˜︁Y ˆ︁F (k) =M ˆ︁F (k)Y. (A.10)

Let ˆ︁B(k+1) and ˆ︁Λ(k+1)

X ˜︁F be the corresponding rank-q RRR estimates, and write

ˆ︁C(k+1) = ˆ︁Λ(k+1)

X ˜︁F ˆ︁B(k+1)′.

The subsequent PC step produces ˆ︁F (k+1) from X − Y ˆ︁C(k+1)′.

The result below concerns the RPC estimator for any fixed number of iterations, assuming

that the true values of r and q are known.

Theorem A.1. Let N, T → ∞ with T/N1−α → ∞, cNT = min{
√
N,

√
T}, rNT =

√︂
N1−α

T
+

c−1
NT + T−δ, and suppose Assumptions A.1–A.4 hold. Then, for every fixed integer K ≥ 0,

max
0≤k≤K

D
(︂
[Y ˆ︁B(k+1), ˆ︁F (k)], F+

)︂
= Op(rNT ) = op(1). (A.11)

A.3 Proof

We first present the two standard results used throughout the proof.
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Lemma A.1. (i) Let U0 be a fixed-dimensional left singular subspace of A0, separated from

its complement by γNT . If A = A0 + R, ∥R∥2/γNT = op(1), and U is the corresponding

left singular subspace of A, then

D(U,U0) = Op

(︃
∥R∥2
γNT

)︃
. (A.12)

(ii) Consider the reduced-rank regression model

W = ZA+ E, rank(A) ≤ q, (A.13)

and let ˆ︁A = arg min
rank(C)≤q

∥W − ZC∥2. (A.14)

Then there exists a constant κ such that

∥Z ˆ︁A− ZA∥ ≤ κ
√
q ∥PZE∥2. (A.15)

Proof. Part (i) follows from Wedin’s perturbation theorem (Wedin 1972). For part (ii), by the

definition of ˆ︁A, we have

∥W − Z ˆ︁A∥2 ≤ ∥W − ZA∥2.

We plug in W = ZA+ E. It yields

∥Z ˆ︁A− ZA∥2 ≤ 2 tr
[︂
E ′(Z ˆ︁A− ZA)

]︂
= 2 tr

[︂
(PZE)

′(Z ˆ︁A− ZA)
]︂

≤ 2∥PZE∥2∥Z ˆ︁A− ZA∥∗

≤ 2
√︁
2q ∥PZE∥2∥Z ˆ︁A− ZA∥,

where the second line uses the fact that Z ˆ︁A − ZA belongs to the column space of Z. The
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third line follows from tr(C ′D) ≤ ∥C∥2∥D∥∗, and the last uses

rank(Z ˆ︁A− ZA) ≤ rank( ˆ︁A− A) ≤ rank( ˆ︁A) + rank(A) ≤ 2q.

Therefore, we have

∥Z ˆ︁A− ZA∥ ≤ 2
√︁
2q ∥PZE∥2,

which proves (A.15). A similar argument is provided in Bunea et al. (2011, Theorem 5).

Remark. In our application of part (ii), we set W =M ˆ︁FX and Z =M ˆ︁FY , and Z ˆ︁A is the fitted

component obtained from reduced-rank regression. Thus, (A.15) controls the component of

the regression error projected onto the proxies.

We next collect some auxiliary results in the following lemma which we need to prove the

main results later.

Lemma A.2. Under Assumptions A.1–A.4, the following statements hold.

(i)

∥eX∥2 = Op(
√
N +

√
T ), ∥eY ∥2 = Op(

√
T ). (A.16)

(ii) The projection of the idiosyncratic component onto the factor space satisfies

∥PF+eX∥2 ≤ ∥PF+eX∥ = Op(
√
N). (A.17)

(iii) The first r singular values of X0 are of order
√
TN and its remaining q nonzero singular

values are of order
√
TNα.

(iv) Let F contain the first r left singular vectors of X0 and satisfy F ′
F/T = Ir. Set G =

MFX0. Then

[G,F ] and F+ have the same column space, σq(G) ≥ κ
√
TNα. (A.18)
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(v)

MF
˜︁F and G have the same column space, σq(MF

˜︁F ) ≥ κ
√
T . (A.19)

(vi) The initial PC estimate satisfies

D( ˆ︁F (0), F ) = Op(c
−1
NT ). (A.20)

Proof. Let Eε collect the independent innovations in (A.8). The independent-entry norm

bound gives E∥Eε∥2 ≤ κ(
√
N +

√
T ). The triangle inequality and absolute summability of

{Aℓ,N} therefore imply E∥eX∥2 ≤ κ(
√
N +

√
T ). Markov’s inequality then gives

∥eX∥2 = Op(
√
N +

√
T ).

Similarly, because m is fixed, bounded innovation variances and absolute summability of

{Dℓ} imply

∥eY ∥2 = Op(
√
T ),

which proves part (i).

Conditional on F+, independence of F+ and eX gives

E
(︁
∥PF+eX∥2 | F+

)︁
≤ κN rank(PF+) = O(N).

Part (ii) follows from Markov’s inequality.

For the remaining parts, decompose the proxy-related loading matrix as

ΛX ˜︁F =MΛXF
ΛX ˜︁F + ΛXF (Λ

′
XFΛXF )

−1Λ′
XFΛX ˜︁F .

The two loading blocks MΛXF
ΛX ˜︁F and ΛXF are orthogonal, and

⃦⃦
(Λ′

XFΛXF )
−1Λ′

XFΛX ˜︁F ⃦⃦2 = O
(︁
N (α−1)/2

)︁
= o(1).
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Assumption A.2 therefore implies that their singular values are of orders Nα/2 and N1/2,

respectively. Since

X0 = F+[ΛX ˜︁F ,ΛXF ]
′ and T−1F+′F+ p−→ ΣF+ ≻ 0,

the first r singular values of X0 are of order
√
TN and its remaining q nonzero singular values

are of order
√
TNα. This proves part (iii).

Moreover, F contains the first r left singular vectors of X0, while G = MFX0 contains its

remaining q directions. Since X0 and F+ have the same column space, [G,F ] and F+ also

span the same space. Furthermore, we have

σq(G) = σr+q(X0) ≥ κ
√
TNα,

which proves part (iv).

To prove part (v), we write

X0 = FΛ′
XF + ˜︁FΛ′

X ˜︁F .
The two terms have spectral orders

√
TN and

√
TNα, respectively. Wedin’s theorem therefore

gives

D(F , F ) = Op

(︁
N (α−1)/2

)︁
= op(1).

Therefore, we have

λq

(︂
T−1 ˜︁F ′MF

˜︁F)︂ ≥ λq

(︂
T−1 ˜︁F ′MF

˜︁F)︂− ⃦⃦⃦T−1 ˜︁F ′(MF −MF ) ˜︁F ⃦⃦⃦
2

≥ κ− T−1∥ ˜︁F∥22D(F , F )

= κ− op(1).

Here the lower bound for λq(T−1 ˜︁F ′MF
˜︁F ) follows directly from (A.4). This in turn implies

σq(MF
˜︁F ) ≥ κ

√
T . Moreover, G and MF

˜︁F both have rank q and their column spaces are

contained in the space spanned by MFF
+. Thus, they have the same column space, proving
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part (v).

Finally, part (iii) and α < 1 imply σr(X0)−σr+1(X0) is of order
√
TN . Since X = X0+eX ,

Wedin’s theorem and part (i) give

D( ˆ︁F (0), F ) = Op

(︃
∥eX∥2√
TN

)︃
= Op

(︄√
N +

√
T√

NT

)︄
= Op(c

−1
NT ),

which proves part (vi).

Lemma A.3. Let ˆ︁F be the PC estimate obtained at a given iteration and suppose that

D( ˆ︁F , F ) = Op

(︁
c−1
NT +N (α−1)/2T−δ

)︁
. (A.21)

Then

D
(︂˜︁Y ˆ︁FB,MF

˜︁F)︂ = Op(c
−1
NT + T−δ), (A.22)

D
(︂
[˜︁Y ˆ︁FB, ˆ︁F ], F+

)︂
= Op(c

−1
NT + T−δ). (A.23)

Proof. Since Λ′
Y ˜︁FB = Iq, we have

˜︁Y ˆ︁FB −MF
˜︁F = (PF − P ˆ︁F ) ˜︁F⏞ ⏟⏟ ⏞

I

+T−δM ˆ︁F eYB⏞ ⏟⏟ ⏞
II

. (A.24)

By (A.4), (A.21), and (A.16), we know

∥I∥2 = Op

[︂√
T
{︁
c−1
NT +N (α−1)/2T−δ

}︁]︂
,

∥II∥2 = Op(
√
T T−δ).
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This in turn implies ⃦⃦⃦ ˜︁Y ˆ︁FB −MF
˜︁F ⃦⃦⃦

2
= Op

[︂√
T (c−1

NT + T−δ)
]︂
. (A.25)

The lower bound for σq(MF
˜︁F ) in (A.19) and Wedin’s theorem therefore give (A.22).

For the space spanned by F+, we have

D
(︂
[˜︁Y ˆ︁FB, ˆ︁F ], F+

)︂
≤ D

(︂˜︁Y ˆ︁FB,MF
˜︁F)︂+D( ˆ︁F , F ).

Equations (A.22) and (A.21) prove (A.23).

Lemma A.4. Let ˆ︁F be the initial PC estimate or a PC estimate obtained after a fixed number

of RPC iterations, and suppose that the conditions of Lemma A.3 hold. Let ˆ︁B and ˆ︁ΛX ˜︁F be the

rank-q RRR estimates and define ˆ︁C = ˆ︁ΛX ˜︁F ˆ︁B′.

Then

D
(︂
[Y ˆ︁B, ˆ︁F ], F+

)︂
= Op(rNT ). (A.26)

Proof. Define

G ˆ︁F = P˜︁Y ˆ︁FBM ˆ︁FX0, E ˆ︁F =M ˆ︁FX −G ˆ︁F .
We first show that the smallest nonzero singular value of G ˆ︁F is of order

√
TNα. Using (A.19),

and adding and subtracting PMF
˜︁FM ˆ︁FX0, we have

∥G ˆ︁F −G∥2 ≤
⃦⃦⃦(︂
P˜︁Y ˆ︁FB − PMF

˜︁F
)︂
M ˆ︁FX0

⃦⃦⃦
2
+
⃦⃦⃦
PMF

˜︁F (︁M ˆ︁F −MF

)︁
X0

⃦⃦⃦
2

= Op

[︂√
TNα

(︁
c−1
NT + T−δ

)︁
+
√
TN

(︁
c−1
NT +N (α−1)/2T−δ

)︁]︂
.

The first term on the right-hand side uses (A.22), while the second term uses (A.21) and the

strong singular-value order of X0. We then have

∥G ˆ︁F −G∥2√
TNα

= Op

[︃
c−1
NT + T−δ +

N (1−α)/2

cNT

+ T−δ

]︃
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= Op

(︃
c−1
NT + T−δ +

N (1−α)/2

cNT

)︃
= op(1).

Finally, (A.18) and Weyl’s inequality give

σq(G ˆ︁F ) ≥ σq(G)− ∥G ˆ︁F −G∥2

≥ (κ− op(1))
√
TNα. (A.27)

We next consider the projected error, ∥P˜︁Y ˆ︁FE ˆ︁F∥2, entering the reduced-rank regression

inequality. Let B⊥ be an m× (m− q) matrix satisfying

B′
⊥B⊥ = Im−q, Λ′

Y ˜︁FB⊥ = 0.

If m = q, the terms involving B⊥ are absent and the argument below applies only to term I.

When m > q, since [B,B⊥] is nonsingular and Y B⊥ = T−δeYB⊥, we can write

P˜︁Y ˆ︁F = P˜︁Y ˆ︁FB + PM
[ ˆ︁F,˜︁Y ˆ︁FB]

eY B⊥ . (A.28)

Using (A.28) and adding and subtracting PM
[ ˆ︁F,M ˆ︁F ˜︁F ]

eY B⊥E ˆ︁F , we have

⃦⃦⃦
P˜︁Y ˆ︁FE ˆ︁F

⃦⃦⃦
2
≤
⃦⃦⃦
P˜︁Y ˆ︁FBE ˆ︁F

⃦⃦⃦
2⏞ ⏟⏟ ⏞

I

+
⃦⃦⃦
PM

[ ˆ︁F,M ˆ︁F ˜︁F ]
eY B⊥E ˆ︁F

⃦⃦⃦
2⏞ ⏟⏟ ⏞

II

+
⃦⃦⃦(︂
PM

[ ˆ︁F,˜︁Y ˆ︁FB]
eY B⊥ − PM

[ ˆ︁F,M ˆ︁F ˜︁F ]
eY B⊥

)︂
E ˆ︁F
⃦⃦⃦
2⏞ ⏟⏟ ⏞

III

. (A.29)

We consider these terms separately. For term I, we know

P˜︁Y ˆ︁FBE ˆ︁F = P˜︁Y ˆ︁FBeX .
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Therefore, we have

I ≤
⃦⃦⃦
PMF

˜︁F eX
⃦⃦⃦
2
+D

(︂˜︁Y ˆ︁FB,MF
˜︁F)︂ ∥eX∥2

= Op

[︂√
N + (c−1

NT + T−δ)(
√
N +

√
T )
]︂
,

where the second line follows from (A.17), (A.22), and (A.16).

For term II, let

W =M[ ˆ︁F ,M ˆ︁F ˜︁F ]eYB⊥

for brevity, and decompose

E ˆ︁F =
(︂
PM ˆ︁F ˜︁F − P˜︁Y ˆ︁FB

)︂
M ˆ︁FX0⏞ ⏟⏟ ⏞

II1

+M ˆ︁F eX⏞ ⏟⏟ ⏞
II2

+MM ˆ︁F ˜︁FM ˆ︁FX0⏞ ⏟⏟ ⏞
II3

. (A.30)

Since ˜︁Y ˆ︁FB −M ˆ︁F ˜︁F = T−δM ˆ︁F eYB, (A.31)

Wedin’s theorem yields

∥PW II1∥2 ≤ ∥II1∥2

≤ D
(︂˜︁Y ˆ︁FB,M ˆ︁F ˜︁F)︂ ∥M ˆ︁FX0∥2

= Op

(︄√
T T−δ

√
T

√
TNα

)︄

= Op

(︂√
TNα T−δ

)︂
.

To derive the rates for the projections of II2 and II3, we define

Y nf = ˜︁FΛ′
Y ˜︁F .
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For the initial estimate, set ˆ︁F nf = ˆ︁F (0). For a later fixed iterate, let ˆ︁Cold denote the coef-

ficient matrix used to construct ˆ︁F in the preceding PC step. Let ˆ︁Cnf
old and ˆ︁F nf denote the

corresponding quantities when Y is replaced by Y nf in that and all preceding iterations. The

superscript nf denotes the procedure without proxy noise, under which ˆ︁F nf is independent of

eY ; this independence is used in the argument below.

At each iteration k ≥ 1, the difference between the rth and (r + 1)st singular values of

X − Y nf ˆ︁Cnf′
old is of order

√
TN . Wedin’s theorem therefore gives

D( ˆ︁F , ˆ︁F nf) = Op

⎛⎝
⃦⃦⃦
(X − Y ˆ︁C ′

old)− (X − Y nf ˆ︁Cnf′
old)
⃦⃦⃦
2√

TN

⎞⎠
≤ Op

(︄
∥(Y − Y nf) ˆ︁C ′

old∥2 + ∥Y nf( ˆ︁Cold − ˆ︁Cnf
old)

′∥2√
TN

)︄

= Op

(︄√
N +

√
TNα T−δ

√
TN

)︄

= Op

(︁
T−1/2 +N (α−1)/2T−δ

)︁
,

where the second line follows by adding and subtracting Y nf ˆ︁C ′
old. For the third line, the first

term uses Y −Y nf = T−δeY , while the second follows from the RRR coefficient formula, (A.15),

and the rate for the factor estimates entering the preceding RRR step. Since the initial PC

estimate is the same under the two procedures, repeating this argument gives the same rate

after any fixed number of iterations.

Moreover, letting

W nf =M[ ˆ︁Fnf ,M ˆ︁Fnf
˜︁F ]eYB⊥,

we notice that

D(W,W nf) = Op

(︂
D( ˆ︁F , ˆ︁F nf)

)︂
.

This follows because the smallest nonzero singular value of W nf is of order
√
T and Wedin’s
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theorem applies to W and W nf . In particular,

D(W,W nf) = ∥PW − PWnf∥2

= Op

(︃
∥W −W nf∥2√

T

)︃
= Op

[︃
1√
T

⃦⃦⃦(︂
M[ ˆ︁F ,M ˆ︁F ˜︁F ] −M[ ˆ︁Fnf ,M ˆ︁Fnf

˜︁F ]

)︂
eYB⊥

⃦⃦⃦
2

]︃
= Op

[︃
∥eYB⊥∥2√

T
D
(︂
[ ˆ︁F ,M ˆ︁F ˜︁F ], [ ˆ︁F nf ,M ˆ︁Fnf

˜︁F ])︂]︃
= Op

{︄
∥eYB⊥∥2√

T

[︄
D( ˆ︁F , ˆ︁F nf) +

∥(M ˆ︁F −M ˆ︁Fnf ) ˜︁F∥2√
T

]︄}︄

= Op

(︂
D( ˆ︁F , ˆ︁F nf)

)︂
= Op

(︁
T−1/2 +N (α−1)/2T−δ

)︁
.

The fifth line uses the orthogonal decomposition P[ ˆ︁F ,M ˆ︁F ˜︁F ] = P ˆ︁F + PM ˆ︁F ˜︁F and its noise-free

counterpart, which in turn givesD
(︂
[ ˆ︁F ,M ˆ︁F ˜︁F ], [ ˆ︁F nf ,M ˆ︁Fnf

˜︁F ])︂ ≤ D( ˆ︁F , ˆ︁F nf)+D
(︂
M ˆ︁F ˜︁F ,M ˆ︁Fnf

˜︁F)︂.
The next line follows from Wedin’s theorem, since σq(M ˆ︁F ˜︁F ) and σq(M ˆ︁Fnf

˜︁F ) are of order
√
T .

We now give the rates for ∥PWA∥2 for A = II2 or II3. We have

∥PWA∥2 ≤ ∥PWnfAnf∥2 + ∥A− Anf∥2 +D(W,W nf)∥Anf∥2, (A.32)

where Anf denotes the corresponding term constructed using ˆ︁F nf . For the first term, we have

∥PWnfAnf∥2 ≤ λm−q

(︁
W nf′W nf

)︁−1 ∥W nf′Anf∥2 = Op

(︁
T−1∥Anf∥2

)︁
. (A.33)

To see this, notice that independence of eY from Anf and ˆ︁F nf , together with absolute summa-

bility of {Dℓ}, implies

E
(︂
∥W nf′Anf∥2 | Anf , ˆ︁F nf

)︂
≤ κ∥Anf∥2.
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Because m− q is fixed, Markov’s inequality then yields

∥W nf′Anf∥2 = Op

(︁
∥Anf∥2

)︁
.

Moreover, under (A.9), positive definiteness of E(eY,te′Y,t) and the fixed rank of [ ˆ︁F nf ,M ˆ︁Fnf
˜︁F ]

imply

λm−q

(︁
T−1W nf′W nf

)︁
≥ κ+ op(1).

Thus, we can write

∥PWA∥2 ≤ ∥PWnfAnf∥2 + ∥A− Anf∥2 +D(W,W nf)∥Anf∥2

= Op

[︁
T−1/2∥Anf∥+ ∥A− Anf∥2 +

(︁
T−1/2 +N (α−1)/2T−δ

)︁
∥Anf∥2

]︁
= Op

[︂
T−1/2

√
NT +

√
N +

√
TNα T−δ +

(︁
T−1/2 +N (α−1)/2T−δ

)︁√
TN

]︂
= Op

(︂√
N +

√
TNα T−δ

)︂
. (A.34)

The second line uses (A.33) and the rate for D(W,W nf). The third uses the fact that ∥Anf∥

and ∥Anf∥2 are bounded by the corresponding norms of eX or X0, and

∥A− Anf∥2 ≤ κD( ˆ︁F , ˆ︁F nf)
√
TN

= Op

(︂√
N +

√
TNα T−δ

)︂
. (A.35)

Combining these results with the rate for II1 gives

II = Op

(︂√
N +

√
TNα T−δ

)︂
.

Finally, for III, we have

III ≤ D
(︂
M[ ˆ︁F ,˜︁Y ˆ︁FB]eYB⊥,M[ ˆ︁F ,M ˆ︁F ˜︁F ]eYB⊥

)︂
∥E ˆ︁F∥2

= Op

[︃
∥eYB⊥∥2√

T
D
(︂˜︁Y ˆ︁FB,M ˆ︁F ˜︁F)︂(︂√N +

√
T +

√
TNα

)︂]︃
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= Op

[︂
T−δ(

√
N +

√
T ) +

√
TNα T−δ

]︂
,

where the second line follows from (A.30) and Wedin’s theorem, and the last uses ∥eYB⊥∥2 =

Op(
√
T ) together with (A.31).

Combining the rates for I–III yields

⃦⃦⃦
P˜︁Y ˆ︁FE ˆ︁F

⃦⃦⃦
2
= Op

[︂√
N + (c−1

NT + T−δ)(
√
N +

√
T ) +

√
TNαT−δ

]︂
. (A.36)

We now turn to the main result of the lemma. Notice that the columns of [Y ˆ︁B, ˆ︁F ] and

[˜︁Y ˆ︁F ˆ︁C ′, ˆ︁F ] span the same space since ˆ︁C ′ = ˆ︁Bˆ︁Λ′
X ˜︁F and ˆ︁ΛX ˜︁F has full column rank q. Therefore,

we have

D
(︂
[Y ˆ︁B, ˆ︁F ], F+

)︂
≤ D

(︂˜︁Y ˆ︁F ˆ︁C ′, G ˆ︁F
)︂

⏞ ⏟⏟ ⏞
I

+D
(︂
[G ˆ︁F , ˆ︁F ], F+

)︂
⏞ ⏟⏟ ⏞

II

. (A.37)

Because G ˆ︁F has rank q and G ˆ︁F and ˜︁Y ˆ︁FB span the same space, Lemma A.3 gives

II = Op(c
−1
NT + T−δ). (A.38)

For term I, Lemma A.1(ii) gives

⃦⃦⃦ ˜︁Y ˆ︁F ˆ︁C ′ −G ˆ︁F
⃦⃦⃦
≤ κ

√
q
⃦⃦⃦
P˜︁Y ˆ︁FE ˆ︁F

⃦⃦⃦
2
. (A.39)

Since (A.27) gives σq(G ˆ︁F ) ≥ κ
√
TNα, Wedin’s theorem and (A.39) imply

I = Op

(︄
∥P˜︁Y ˆ︁FE ˆ︁F∥2√

TNα

)︄
.

49



Inserting (A.36), we have

I = Op

(︄√︃
N1−α

T
+ c−1

NT + T−δ

)︄
= Op(rNT ). (A.40)

Finally, combining (A.38) and (A.40) in (A.37) implies

D
(︂
[Y ˆ︁B, ˆ︁F ], F+

)︂
= Op(rNT ),

which proves (A.26).

Lemma A.5. Under the conditions of Lemma A.4, let ˆ︁Fnew be the first r principal components

of X − Y ˆ︁C ′. Then

D( ˆ︁Fnew, F ) = Op

(︁
c−1
NT +N (α−1)/2T−δ

)︁
. (A.41)

Proof. We start from

D( ˆ︁Fnew, F ) ≤ D( ˆ︁Fnew, ˆ︁F )⏞ ⏟⏟ ⏞
I

+D( ˆ︁F , F )⏞ ⏟⏟ ⏞
II

. (A.42)

Term II is bounded by (A.21). We apply Wedin’s theorem to term I. To this end, first notice

that

σr

(︂
P ˆ︁F (X − Y ˆ︁C ′)

)︂
≥ σr(P ˆ︁FX0)⏞ ⏟⏟ ⏞

I1

−∥P ˆ︁F eX∥2⏞ ⏟⏟ ⏞
I2

−∥P ˆ︁FY ˆ︁C ′∥2⏞ ⏟⏟ ⏞
I3

.

For the first term, we have

I1 ≥ σr(PFX0)− ∥(P ˆ︁F − PF )X0∥2

≥ κ
√
TN −D( ˆ︁F , F )∥X0∥2

= κ
√
TN + op(

√
TN).
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Moreover, (A.16) gives

I2 ≤ ∥eX∥2 = Op(
√
N +

√
T ) = op(

√
TN).

Finally, plugging in the RRR formula for ˆ︁B and using (A.19), (A.25), (A.39), and (A.36), we

have

I3 = Op

(︂√
TNα +

√
N
)︂
= op(

√
TN).

Therefore, we have

σr

(︂
P ˆ︁F (X − Y ˆ︁C ′)

)︂
≥ κ

√
TN + op(

√
TN),

so P ˆ︁F (X − Y ˆ︁C ′) has rank r and its smallest nonzero singular value is of order
√
TN .

Consider term I. Wedin’s theorem provides

I = Op

⎛⎝ ∥M ˆ︁F (X − Y ˆ︁C ′)∥2
σr

(︂
P ˆ︁F (X − Y ˆ︁C ′)

)︂
⎞⎠

= Op

(︄
∥M ˆ︁F (X − Y ˆ︁C ′)∥2√

TN

)︄

= Op

⎛⎜⎜⎜⎜⎝
∥M ˆ︁F eX∥2⏞ ⏟⏟ ⏞

I1

+ ∥M˜︁Y ˆ︁FBM ˆ︁FX0∥2⏞ ⏟⏟ ⏞
I2

+ ∥G ˆ︁F − ˜︁Y ˆ︁F ˆ︁C ′∥2⏞ ⏟⏟ ⏞
I3

√
TN

⎞⎟⎟⎟⎟⎠ .

We know that the first term is Op(
√
N +

√
T ). For the second term, we use G = MFX0 and

MGG = 0. Adding and subtracting M˜︁Y ˆ︁FBMFX0 and MGMFX0, we have

M˜︁Y ˆ︁FBM ˆ︁FX0

=M˜︁Y ˆ︁FB(M ˆ︁F −MF )X0 +
(︂
M˜︁Y ˆ︁FB −MG

)︂
MFX0.
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Therefore,

I2 ≤ D( ˆ︁F , F )∥X0∥2 +D
(︂˜︁Y ˆ︁FB,G

)︂
∥G∥2

= Op

[︂√
TN D( ˆ︁F , F ) +√

TNα(c−1
NT + T−δ)

]︂
,

where the last equality uses (A.22), (A.19), and Lemma A.2(iii)–(iv). Moreover, for the third

term, we have

I3 = Op

[︂√
N + (c−1

NT + T−δ)(
√
N +

√
T ) +

√
TNαT−δ

]︂
.

This follows from (A.39) and (A.36).

Dividing the rates for I1–I3 by
√
TN and using (A.21) therefore gives

I = Op

[︂
D( ˆ︁F , F ) + c−1

NT +N (α−1)/2T−δ
]︂
.

Combining this result with the bound for term II in (A.42) proves (A.41).

Proof of Theorem A.1. Lemma A.2(vi) establishes the required condition for the initial PC

estimate ˆ︁F (0). Applying Lemma A.4 to this estimate gives

D
(︂
[Y ˆ︁B(1), ˆ︁F (0)], F+

)︂
= Op(rNT ).

The subsequent PC step satisfies, by Lemma A.5,

D( ˆ︁F (1), F ) = Op

(︁
c−1
NT +N (α−1)/2T−δ

)︁
.

Thus, the condition required by Lemma A.4 is preserved after the first iteration. The same ar-

gument applies at subsequent iterations. In particular, if ˆ︁F (k) satisfies (A.21), then Lemma A.4

gives

D
(︂
[Y ˆ︁B(k+1), ˆ︁F (k)], F+

)︂
= Op(rNT ),
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and Lemma A.5 ensures that ˆ︁F (k+1) satisfies (A.21). Therefore, for every fixed K,

max
0≤k≤K

D
(︂
[Y ˆ︁B(k+1), ˆ︁F (k)], F+

)︂
= Op(rNT ).

Finally, T/N1−α → ∞, N, T → ∞, and δ > 0 imply rNT → 0, completing the proof.
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B Monte Carlo II: Design and Selected-Variable Results

B.1 Experimental Design

We now turn to the description of the DGPs, which follow Stock and Watson (2016)’s im-

plementation of the Kilian (2009) identification. Consider the FAVAR of Stock and Watson

(2016) with six factors:

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Oil Productiont

Global Activityt

Oil PriceRAC
t

X•t

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

Λ•

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Oil Productiont

FGlobal Activity
t

Oil PriceRAC
t

F4:6,t

⎤⎥⎥⎥⎥⎥⎥⎥⎦
+ ut, (B.1)

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Oil Productiont

FGlobal Activity
t

Oil PriceRAC
t

F4:6,t

⎤⎥⎥⎥⎥⎥⎥⎥⎦
= Φ(L)

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Oil Productiont−1

FGlobal Activity
t−1

Oil PriceRAC
t−1

F4:6,t−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
+ ηt, Cov (ηt) = Ση, and (B.2)

uit = ai(L)uit−1 + eit i = 1, 2, ..., 209, (B.3)

where all of the disturbances eit are iidN(0, σ2
i ), all of the factor innovations ηt are iidN(0,Ση),

Φ(L) is a VAR(4) lag polynomial, ai(L) is an AR(4) lag polynomial, and the unit elements

on the diagonal of the upper 6 × 6 partition of the loading matrix impose the named-factor

normalization so that FGlobal Activity
t (the global activity factor) is the common component of

the global activity index.

We consider three DGPs in the context of the FAVAR model summarized by Equa-

tions (B.1)–(B.3). While they all augment global oil production, a global activity measure

and the real oil price with three unobserved factors, they differ in terms of the global activity

measure included in the factor space. Specifically, in the first DGP, we equate FGlobal Activity
t to

Kilian’s global activity index. This is exactly the model of Stock and Watson (2016). In the
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second and third DGPs, we use the world IP growth measure from Baumeister and Hamilton

(2019) and the global economic conditions measure of Baumeister et al. (2022) as the global

activity index, respectively. The parameters underlying the DGPs are estimated by imple-

menting the models following Stock and Watson (2016). The estimated models are then used

to simulate data by independently drawing eit ∼ N(0, σ̂2
i ) and ηt ∼ N(0, Σ̂η).

B.2 R2 of Common Component and SIRFs for Selected Variables

Before turning to the impulse responses, we assess how well the alternative models recover the

common components. Table B.1 reports the average R2 from regressions of selected variables

on the estimated factors across all Monte Carlo repetitions. The FAVAR-RPC specification

delivers values that are very close to those obtained under the model using the correct global

activity measure in each simulation design. This is particularly evident for the three activity

proxies themselves: when the DGP is based on one of the three global activity indexes, the

FAVAR-RPC approach attains the R2 values that closely track those from the corresponding

correct model. For the broader macroeconomic and oil-market variables, the R2 values are

very similar across specifications. This suggests that the main advantage of the RPC approach

is a more accurate recovery of the factor space associated with the relevant global activity

component. This is particularly important for the analysis as more accurate recovery of global

activity innovations improves the performance of the FAVAR estimator for structural impulse

responses.
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SIRFs for Selected Variables We now turn to the average SIRFs with respect to the three

shocks and discuss each DGP separately. Figure B.1 presents the results given the simulation

draws of the data in the first design with the Kilian index as the true global activity measure.

There are three columns showing the SIRFs with respect to an oil supply shock, a global

demand shock, and an oil-specific demand shock, respectively. The blue dotted line shows

the average SIRFs computed using the FAVAR-K approach, along with one-standard-error

bands. Those computed using the FAVAR-BH, FAVAR-BKL and FAVAR-RPC are shown as

the orange dash-dotted, green dashed and black solid lines, respectively. Note that here the

global demand shock is always identified as the shock that raises the common component of

the global activity index by one unit.

Starting with the oil supply shock shown in the first column, we see that the four models

produce very similar results. This is also reflected by the correlations across the three iden-

tified oil supply shocks across our DGPs in Table B.2, which all exceed 0.94. Note that the

similarity of the results is consistent with global oil production being notoriously difficult to

predict (Stock and Watson 2016). Turning to the global demand shock in the second column,

the FAVAR-RPC estimator produces results which are virtually indistinguishable from the

FAVAR-K which is the true DGP in this analysis. This is in stark contrast to the FAVAR-BH

and FAVAR-BKL models which generate biased SIRFs for all variables of interest. Specifically,

the responses of oil production, global activity, real GDP and inflation are all much weaker

relative to the true SIRFs. The same is true considering the oil-specific demand shock in the

third column. In contrast, the responses using the FAVAR-RPC closely match those implied

by the true DGP.
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Figure B.1: SIRFs with design using Kilian global activity indicator. This figure reports the
average, over 1000 simulation repetitions, of the structural impulse response functions from
FAVAR-RPC, FAVAR-K, FAVAR-BH, and FAVAR-BKL for the oil supply shock (column A),
the global demand shock (column B), and the oil-specific demand shock (column C). The black
solid line corresponds to FAVAR-RPC, the blue dotted line with ±1 standard error bands to
FAVAR-K, the orange dash-dotted line to FAVAR-BH, and the green dashed line to FAVAR-
BKL. The simulation draws are generated from the design in which Kilian’s index is treated
as the true global activity measure. The responses for Kilian’s global activity indicator are
reported in standard deviation units, and the responses for all other variables are reported in
percentage points.
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Table B.2: Correlations among estimated shocks

OS1 OS2 OS3 GD1 GD2 GD3 OD1 OD2 OD3

Oil supply shock (OS)

FAVAR-K (1) 1.00

FAVAR-BH (2) 0.94 1.00

FAVAR-BKL (3) 0.94 0.94 1.00

Global demand shock (GD)

FAVAR-K (1) 0.00 0.03 -0.01 1.00

FAVAR-BH (2) 0.00 0.00 0.00 0.36 1.00

FAVAR-BKL (3) -0.01 0.01 0.00 0.43 0.43 1.00

Oil-specific demand shock (OD)

FAVAR-K (1) 0.00 0.01 0.01 0.00 0.26 -0.03 1.00

FAVAR-BH (2) 0.00 0.00 0.00 0.21 0.00 -0.08 0.85 1.00

FAVAR-BKL (3) -0.01 0.02 0.00 0.32 0.27 0.00 0.88 0.90 1.00

Note: This table reports the correlations among the shocks estimated using FAVAR-K, FAVAR-BH and
FAVAR-BKL over the sample period 1985Q1 to 2014Q4. Shading denotes correlations for each one of the
three shocks identified using Kilian (2009)’s identification scheme.

We now compare these results with the second simulation design in which the Baumeister

and Hamilton (2019) index is treated as the true global activity measure. These are provided

in Figure B.2. While all four models again produce similar results for the oil supply shock, they

differ for the global demand shock and the oil-specific demand shock. Now the SIRFs based on

the FAVAR-K and FAVAR-BKL models are biased, but the SIRFs for the FAVAR-RPC model

are essentially identical to the true SIRFs based on the FAVAR-BH model. As in the previous

simulation design, the bias is particularly pronounced for key variables of interest, particularly

the real price of oil, real U.S. GDP and CPI inflation.

Finally, consider the case where the true global activity index is given as the global economic

conditions indicator of Baumeister et al. (2022). The corresponding SIRFs are presented in

Figure B.3. Across the four models, the SIRFs for the FAVAR-RPC model are essentially

identical to the true SIRFs based on the FAVAR-BKL model, while the SIRFs based on the

FAVAR-K and FAVAR-BH models are severely biased. It is worth pointing out that the

positive impact of the global demand shock on U.S. real GDP based on the FAVAR-BKL

peaks within a year and is much more persistent compared to those based on the FAVAR-K
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Figure B.2: SIRFs with design using Baumeister–Hamilton world IP growth. This figure
reports the average, over 1000 simulation repetitions, of the structural impulse response func-
tions from FAVAR-RPC, FAVAR-K, FAVAR-BH, and FAVAR-BKL for the oil supply shock
(panel A), the global demand shock (panel B), and the oil-specific demand shock (panel C).
The black solid line corresponds to FAVAR-RPC, the blue dotted line to FAVAR-K, the or-
ange dash-dotted line with ±1 standard error bands to FAVAR-BH, and the green dashed line
to FAVAR-BKL. The simulation draws are generated from the design in which Baumeister
and Hamilton (2019)’s world IP growth is treated as the true global activity measure. All
responses are reported in percentage points.
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Figure B.3: SIRFs with design using Baumeister–Korobilis–Lee global economic conditions
indicator. This figure reports the average, over 1000 simulation repetitions, of the structural
impulse response functions from FAVAR-RPC, FAVAR-K, FAVAR-BH, and FAVAR-BKL for
the oil supply shock (panel A), the global demand shock (panel B), and the oil-specific demand
shock (panel C). The black solid line corresponds to FAVAR-RPC, the blue dotted line to
FAVAR-K, the orange dash-dotted line to FAVAR-BH, and the green dashed line with ±1
standard error bands to FAVAR-BKL. The simulation draws are generated from the design
in which Baumeister et al. (2022)’s global economic conditions indicator is treated as the
true global activity measure. The responses for the global economic conditions indicator are
reported in standard deviation units, and the responses for all other variables are reported in
percentage points.
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and FAVAR-BH models. Indeed, aggregate demand shocks identified with the FAVAR-BKL

model are an important force in real activity movements: as shown in Table B.3, the global

demand shock estimated by FAVAR-BKL accounts for 42% of the variance of six-quarter-

ahead forecast errors in real U.S. GDP, considerably larger than the corresponding estimated

shares of 4% and 9% using FAVAR-K and FAVAR-BH.

Table B.3: Forecast error variance decompositions for six periods ahead forecasts of selected
variables

A. Oil B. Global C. Oil-specific

supply shock demand shock demand shock

Variable K BH BKL K BH BKL K BH BKL

GDP 0.06 0.06 0.06 0.04 0.09 0.42 0.05 0.09 0.11

Inflation 0.02 0.02 0.01 0.09 0.07 0.08 0.20 0.23 0.28

Oil Prices (RAC) 0.71 0.67 0.67 0.09 0.11 0.23 0.04 0.02 0.02

Oil Production 0.11 0.14 0.09 0.22 0.37 0.15 0.52 0.45 0.65

Kilian Global Activity Indicator 0.01 0.04 0.04 0.89 0.14 0.02 0.02 0.04 0.07

Baumeister-Hamilton World IP 0.02 0.00 0.01 0.19 0.72 0.51 0.03 0.13 0.07

Baumeister-Korobilis-Lee GECON 0.06 0.07 0.09 0.22 0.28 0.52 0.05 0.07 0.24

Note: This table reports the fractions of the six periods ahead forecast error of the selected variables ex-
plained by the oil supply shock (columns A), global demand shock (columns B), and oil-specific demand shock
(columns C). For each shock, “K”, “BH” and “BKL” denote the FAVAR models which use the Kilian global ac-
tivity indicator, the Baumeister-Hamilton world IP growth and the Baumeister-Korobilis-Lee global economic
conditions indicator as the measure of global activity, respectively.
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C Additional Tables and Figures
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